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FILTERS AND G-CONVERGENCE IN CATEGORIES
JOAQUI´N LUNA-TORRES
Abstract. In analogy with the classical theory of filters, for fi-
nitely complete categories, we provide the concepts of filter, G-
neighborhood (short for “Grothendieck-neighborhood”) and cover-
neighborhoodof a point, with the aim of studying convergence,
cluster point and closure of sieves on objects of that kind of cate-
gories.
1. Introduction
Convergence theory offers a versatile and effective framework for
some areas of mathematics. Let us start by saying a few words about
the history of this concept.
It was defined for the first time probably by Henri Cartan [2]. Al-
though the notion of a limit along a filter was defined in this work, in
the maximal possible generality the considered filter could be a filter
on an arbitrary set and the limit was defined for any map from this set
to a topological space the attention of mathematicians in the following
years was mostly focused to two special cases.
• In general topology the notion of limit of a filter on a topological
space X became one of the two basic tools used to describe
the convergence in general topological spaces together with the
notion of a net. Some authors studied also the convergence of
a sequence along a filter.
• The definition of the limit along a filter can be reformulated
using ideals the dual notion to the notion of filter. This type of
limit of sequences was introduced independently by P. Kostyrko
et alt., [5] and F. Nuray and W. H. Ruckle [8] and studied under
the name “ I-convergence”. The motivation for this direction
of research was an effort to generalize some known results on
statistical convergence.
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In category theory, a sieve is a way of choosing arrows with a common
codomain. It is a categorical analogue of a collection of open subsets
of a fixed open set in topology. In a Grothendieck topology, certain
sieves become categorical analogues of open covers in general topology.
In this paper, we use the concept of sieve to build filters in categories
and establish a link between filters and grothendieck topologies.
The paper is organized as follows: We describe, in section 2, the
notion of sieve as in S. MacLane and I. Moerdijk [7] . In section 3,
we present the concepts of filters, base of filters, we study the lattice
structure of all filters on a category and we present the concept of ul-
trafilter; after that, in section 4, we introduce the concepts of Systems
of neighborhood,G-neighborhood of a point, cover-neighborhood, con-
vergence, cluster point and closure of a sieve and some theorems about
them.
2. Theoretical Considerations
Throughout this paper, we will work within an ambient category C
which is finitely complete.
Remember that if C is a category and C is an object of C , a sieve
S : C op → Set on C is a subfunctor of HomC (−, C)
If we denote by SieveC (C) (or Sieve(C) for short) the set of all sieves
on C, then Sieve(C) becomes a partially ordered under inclusion. It
is easy to see that the union or intersection of any family of sieves on
C is a sieve on C, so Sieve(C) is a complete lattice.
From S. MacLane and I. Moerdijk [7], Chapter III, we have the
following:
• Let C be a category, and let SetsC
op
be the corresponding func-
tor category and let
y :C → SetsC
op
C 7→ C (−, C)
then a sieve S on C is simply a subobject S ⊆ y(C) in SetsC
op
.
Alternatively, S may be given as a family of morphisms in
C , all with codomain C, such that
f ∈ S =⇒ f ◦ g ∈ S
whenever this composition makes sense; in other words, S is a
right ideal.
• If S is a sieve on C and h : D → C is any arrow to C, then
h∗(S) = {g | cod(g) = D, h ◦ g ∈ S} is a sieve on D.
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3. Filters on a category
Definition 3.1. A filter on a category C is a function F which assigns
to each object C of C a collection F(C) of sieves on C , in such a way
that
(F1) If S ∈ F(C) and R is a sieve on C such that S ⊆ R, then
R ∈ F(C);
(F2) every finite intersection of sieves of F(C) belongs to F(C);
(F3) the empty sieve is not in F(C).
The pair (C,F(C)) is called a filtered object.
Example 3.2. From the definition of a Grothendieck topology J on a
category C it follows that for each object C of C and that
• for S ∈ J(C) any larger sieve R on C is also a member of J(C).
• It is also clear that if R;S ∈ J(C) then R ∩ S ∈ J(C),
• consequently a Grothendieck topology produces a filter in the
same category C ; it is enough to remove the empty sieve of
J(C).
Definition 3.3. A filter subbase on a category C is a function S which
assigns to each object C of C a collection S(C) of sieves on C , in such
a way that no finite subcollection of S(C) has an empty intersection.
An immediate consequence of this definition is
Proposition 3.4. A sufficient condition that there should exist a filter
S
′
on a category C greater than or equal to a function S (as above) is
that C should be a filter subbase on C .
Observe that S
′
is the coarset filter greater than S.
Definition 3.5. A basis of a filter on a category C is a function B
which assigns to each object C of C and collection B(C) of sieves on
C , in such a way that
(B1) The intersection of two sieves of B(C) contains a sieve ofB(C);
(B2) B(C) is not empty, and the empty sieve is not in B(C).
Proposition 3.6. If B is a basis of filter on a category C , then B
generates a filter F by
S ∈ F(C)⇔ ∃R ∈ B(C) such that R ⊆ S
for each object C of C .
It is easy to check that this, indeed, defines a filter from a basis B.
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3.1. The ordered set of all filters on a category.
Definition 3.7. Given two filters F1, F2 on the same category C , F2
is said to be finer than F1, or F1 is coarser than F2, if
F1(C) ⊆ F2(C)
for all C object of C .
In this way, the set of all filters on a category C is ordered by the
relation “F1 is coarser than F2”.
Let (Fi)i∈I be a nonempty family of filters on a category C ; then the
function F which assigns to each object C the collection
F(C) =
⋂
i∈I
Fi(C)
is manifestly a filter on C and is obviously the greatest lower bound of
the family (Fi)i∈I on the ordered set of all filters on C .
Definition 3.8. An ultrafilter on a category C is a filter U such that
there is no filter on C which is strictly finer than U..
Using the Zorn lemma, we deduce that
Proposition 3.9. If F is any filter on a category C , there is an ultra-
filter finer than F on C .
Proposition 3.10. Let U be an ultrafilter on a category C , and let C
be an object of C . Let S, T be sieves on C) such that S ∪ T ∈ U(C)
then either S ∈ U(C) or T ∈ U(C).
Proof. If the affirmation is false, there exist sieves S, T on C that do not
belong to U(C), but S ∪ T ∈ U(C). Consider a function T : C → Set
and let us build the collection of sieves R on C such that S∪R ∈ U(C).
Let us verify that T is a filter on a C : Let C be an object of the
category C , and let T(C) be the image of C under T; in other words,
T(C) = {R ∈ Sieve(C) | R ∪ S ∈ U(C)}, then
(F1) if R
′
∈ T(C) then R
′
∪S ∈ U(C); and if R
′′
is a sieve on C such
that R′ ⊆ R′′, then R
′′
∪ S ∈ U(C). Consequently R
′′
∈ T(C).
(F2) We must show that every finite intersection of sieves of T(C)
belongs to T(C); indeed, let
(Ri)i=1,··· ,n
be a finite collection of sieves on C such that
Ri ∪ S ∈ U(C), for all i = 1...n,
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then
(R1 ∪ S) ∩ (R2 ∪ S) ∩ · · · ∩ (Rn ∪ S) =
(
n⋂
i=1
Ri
)
∪ S ∈ U(C).
which is equivalent to saying that(
n⋂
i=1
Ri
)
∈ T(C).
(F3) Evidently, the empty sieve is not in T(C).
Therefore T is a filter finer than U, since T ∈ T(C); but this contradicts
the hypothesis than U is an ultrafilter. 
Corollary 3.11. If the union of a finite sequence (Si)i=1,··· ,n of sieves
on C belongs to the image, U(C), of an object C under an ultrafilter
U, then at least one of the Si belongs to U(C).
Proof. The proof is a simple use of induction on n. 
4. Systems of Neighborhoods
Remember that a point of an object C of a category C is a morphism
p : 1→ C, where 1 is a terminal object of C .
Definition 4.1. Let (C , J) be a category endowed with a Grothendieck
topology, and let C be an object of C .
(1) A sieve V in J(C), is said to be a G-neighborhood (short for
“Grothendieck-neighborhood”) of a point pC of C if there exist
a morphism φ : D → C in V and a point q : 1 → D such that
the diagram
D C
1
φ
q
p
is commutative.
(2) A sieve V in J(C), is said to be a G-neighborhood of a sieve T
on C if T ⊆ V .
Definition 4.2. Let (C , J) be a category endowed with a Grothendieck
topology. A cover-neighborhood of (C , J) is a function N which assigns
to each object (C, J(C)) of (C , J) and to each point pC of C, a collection
Np
C
(C) of sieves of C
such that each sieve in Np
C
(C) contains a G-neighborhood of pC.
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Theorem 4.3. Let C be a category, and let C be an object of C . The
pair (C,Np(C)), where Np(C) is the collection of all cover-neighborhoods
of a point p of C, is a filtered object
Proof.
(i) If S ∈ Np(C) and R is a sieve on C such that S ⊆ R, then
R ∈ Np(C), because there is a G-neighborhood V of pC such
that V ⊆ S ⊆ R;
(ii) let {S1, S2, · · · , Sn} be a finite collection of sieves of Np(C),
then there exists a collection {V1, V2, · · · , Vn} of G-neighbor-
hood of pC such that Vi ⊆ Si for I = 1, 2, · · ·n, therefore
n⋂
i=1
Vn ⊆
n⋂
i=1
Sn and
n⋂
i=1
Sn ∈∈ Np(C)
;
(iii) the empty sieve is not in Np(C) (each sieve contains a point).

In this case, we say that the point p of C is a limit point of Np(C).
Definition 4.4. Let (C , J) be a category endowed with a Grothendieck
topology; let F be a filter on C and let C be an object of C .
(1) We shall say that F(C) converges to a point p of C if
Np(C) ⊆ F(C).
(2) The closure of a sieve A on C is the collection of all points p
of C such that every cover-neighborhood of p meets A.
(3) A point p of C is a cluster point of B(C), the image under the
filter base B of C, if it lies in the closure of all the sieves on
B(C).
(4) A point p of C is a cluster point of F(C), the image under the
filter F of C, if it lies in the closure of all the sieves on F(C).
Theorem 4.5. Let (C , J) be a category endowed with a Grothendieck
topology; let F be a filter on C and let C be an object of C . The point
p of C is a cluster point of F(C) iif there is a filter G finer than F such
that G (C) converges to p.
Proof. Let us begin by assuming that the point p of C is a cluster
point of F(C); from definition 4.4, it follows that for each sieve A in
F(C), every G-neighborhood V of p meets A. We need to show that
the collection
B(C) = {A ∩ V | V is a G-neighborhood of p}
define a base for a filter G finer than F.in such a way that G (C) con-
verges to p.
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Indeed,
(B1) Let A ∩ V , A ∪W two elements of the collection B(C), since
(A ∩ V ) ∩ (A ∪W ) = A ∪ (V ∩W )
and V ∩ W is a G-neighborhood of p, there exists U , a G-
neighborhood of p such that
U ⊆ V ∩W,
and clearly A ∩ U ∈ B(C);
(B2) Obviously B(C) is not empty, and the empty sieve is not in
B(C).
Now, if G is the filter generated by B then G is finer than F, and G (C)
naturally converges to p.
Conversely, if there is a filter G finer than F such that G (C) con-
verges to p then each sieve R in F(C) and each G-neighborhood U of
p belongs to G and hence meet, so the point p of C is a cluster point
of F(C). 
Theorem 4.6. Let (C , J) be a category endowed with a Grothendieck
topology; let C be an object of C and let A be a sieve on C. The point
p of C lies in the closure of A iif there is a filter G such that A ∈ G (C)
and G (C) converges to p.
Proof. Let us begin by assuming that The point p of C lies in the
closure of A; from definition 4.4, it follows that every G-neighborhood
V of p meets A. Then
B(C) = {A ∩ V | V is a G-neighborhood of p}
is a base for a filter G , in such a way that G (C) converges to p.
Conversely, if A ∈ G (C) and G (C) converges to p then p is a cluster
point of G (C) and hence p lies in the closure of A. 
Example 4.7. Let A be a complete Heyting algebra and regard A as
a category in the usual way.
• [7] Then A can be equipped with a base for a Grothendieck topol-
ogy K, given by
{ai | i ∈ I} ∈ K(c) if and only if
∨
i∈I
= c,
where {ai | i ∈ I} ⊆ A and c ∈ A.
• A sieve S on an element c of A is just a subset of elements
b 6 c such that a 6 b ∈ S implies a ∈ S.
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• In the Grothendieck topology J with basis K, a sieve S on c
covers c iff ∨
S = c.
• A filter on tA is a function F which assigns to each element c
of A a collection F(c) of sieves, such that
(F1) If S ∈ F(c) and R is a sieve on c such that S ⊆ R, then
R ∈ F(c);
(F2) every finite intersection of sieves of F(c) belongs to F(c);
(F3) the empty sieve is not in F(c).
• An immediate consequence of the previous construction of a
Grothendieck topology and a fiter on A is that
F(c) converges to c iff
∨
S = c, for each S ∈ F(c).
Conclusions and Comments
We proposed the construction of the concepts of filter, G-neighbor-
hood of a point and cover-neighborhood with the aim of studying con-
vergence, cluster point and closure of sieves on objects of some kind
of categories. The properties of these objects (similar to those general
topology) are postponed to future works.
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